Problem Set 3 — Relativity (GOI36A)

1 Actions, Part 2: Electric Boogaloo
1.) Using the definition of the field strength, the left-hand side of the Bianchi identity is

Oulyp + 0y Fpu + 0pF = 0,(00A, — 0,A)) + 0,(0,A, — OuAp) + 0,(0,A, — 0,A,)
= (0,0,A, — 0,0,A,) + (0,0,A, — 0,0,A,) + (0,0, A, — 0,0,A,) .
(1.1)
In Minkowski spacetime, derivatives commute (i.e. it doesn’t matter what order we take

derivatives in), and so each of the three terms in parentheses becomes zero. This proves
the Bianchi identity.

2.) Consider the case where y = 0 and v = 0, while p is left free. The left-hand side of the
Bianchi identity becomes
OoFop + 00F 0 + 0,F00 - (1.2)

Now, recall the fact that F),, is antisymmetric, by definition. This means that Fpo = 0,
and Fp, = —F),0. The left-hand side of the Bianchi identity simplifies to

0o Fo, — 00 Fo, (1.3)

which is trivially zero. So, when py = v = 0, the Bianchi identity is automatic and does
not tell us anything interesting about the vector field A,. This argument generalizes very
easily to show that the Bianchi identity is trivial when p = p, or when v = p.

The Bianchi equations contain four non-trivial equations. The easiest way to see this is
to note that it doesn’t matter what order we pick the three indices in; the Bianchi identity
for y =0, v =1, and p = 2 are exactly the same as when u =1, v = 2, and p = 0, etc. So,
the only thing that matters is which of the four spacetime indices we do not pick. There
are four such options, leading to four independent equations.

Another way to count this is as follows. pu, v, and p must all be different. So, there are
four choices for u, and then from there three remaining choices for v, and then two left for
p. Naively, this is 4 x 3 x 2 = 24 equations. However, the Bianchi identity is permutation
symmetric; we can permute the indices u, v, and p and the equation is the same. This
cuts down on the number of equations by a factor of three, leaving us with eight. Then,
by recalling that F},, is antisymmetric, we note that the Bianchi identities are invariant
under swapping any two indices. This cuts the remaining independent equations down by
a factor of two. We thus end up with four.

3.) This generalization is the most natural one, because it just involves replacing ¢ with the
vector field A,. So, in some sense, you should think of it just as four separate equations
of motion, one for each component of A,. It is absolutely crucial that we kept the free
index v on A, and the dummy index p that appears in the derivatives distinct, otherwise
the Euler-Lagrange equations would start to violate our index notation rules.
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Making sure not to repeat an index more than twice, we will write the Euler-Lagrange

equations for A, as

oL oL

= | 55— =0. (1.4)
0As 0(0,A5)

When we derive the Euler-Lagrange equations, we have to treat A, and d,4, as indepen-

dent objects. We also treat J* as a constant. So, this tells us that

oL A
— Y g llm
oa, 54,

= ArJHo] = 4w . (1.5)

Next, we note that

OF,, 2(0,A,)  0(0,A,) ) ,
— _ — o o . L
0(0,A,)  0(0,As)  0(0pAs) onoy — 0,0, (1.6)

By raising the indices on both sides of the above expression with the metric tensor, we
also immediately find that

OFH  9(OHAY)  9(”AM)

— PO _ VP T 1.
9Oy Ay) ~ 00,4, B@An T (L.7)

Using the product rule and applying these expressions, we find that

O(F,, FHv) OF , OF,,
R y— + [ ol
9(0,A,) " 9(0,A) 9(0,A,)
— Fu (P — 07 + F (3087 — 5067 (1.8)
= (F¥7 — F°) + (P — F°?)
= 4F"

where in the last line we used antisymmetry of the field strength. Therefore, we find that

oL 1
= ) =_= PO — po
0, (8@ 0_)> 1 %40 F 0,F"" . (1.9)

Putting (1.5) and (1.9) together, the equation of motion for A, is given by
4% 4+ 0,FF7 =0 . (1.10)

If we relabel the dummy indices and use v as the free index instead of u, we find exactly
the the result given in the homework.

Note also that I’ve computed the Euler-Lagrange equations the long, brute force way here.
We can take a shortcut and skip many steps by applying the product rule, as discussed in
the note on product rules on Toledo. You can also use antisymmetry of the field strength
to cut down on the number of steps, too, and you’ll find the same result at the end of the
day.

Let v = 0 in the equations of motion and use J° = p:
0, F" = —4rJ% = —dmp . (1.11)
Then, by looking at F'* as given, we can see that

O FH = 01 F°0 + 9, F?0 + 95 F*
= —(81E1 + 82E2 + 83E3) (1.12)
=-V-E.



So, the v = 0 component of the equations of motion is simply V-E= 47p, which is the
first of Maxwell’s equations.

Next, let v = 1. The left-hand side of the equation of motion is

O = 9 F" + 9o, F + 937
= 0;F1 — 09B3 + 03By (1.13)
= 9(E), — (V x B); .

Note that we are using ¢ = 1 in this problem so dy = J;. Additionally, we had to recall
the definition of the cross product in order to go from the second line to the third line
above. The equation of motion for v =1 is simply

=

O(E), — (V x B), = —4x(J); . (1.14)

You should be able to see that we will get precisely the same kind of equation when v = 2
and v = 3. We therefore reproduce all three components of the second line of Maxwell’s
equations.

For the Bianchi identities, let’s first choose p =1, v = 2, and p = 3, i.e. the only index
not picked is 0. So,
O1F93 + OaF31 + 03F12 =0 . (1.15)

Then, use the metric tensor to show that Fhsy = 77221733F23 = F? = By. Similarly,
F31 = F31 = By and Fi5 = F'?2 = Bs. So, the Bianchi identity becomes

O1B1 + 8By 4+ 93B3 =V -B=0. (1.16)

This is the third line of Maxwell’s equations.

Lastly, choose u =0, v = 2, and p = 3, i.e. the only index not picked is 1:
OoFa3 + Oa 30 + O3Fp2 =0 . (1.17)

Again, use the metric tensor to express the field strength with lower indices in terms
of the field strength with upper indices. You should easily find that Fh3 = F?3 = By,
F39 = —F3Y = B3, and Fpp = —F%2 = —F),. So, the Bianchi identity becomes

0= 00B1 + 0253 — 03 F

LD (1.18)
= 815(3)1 + (V X E)1 ,

where in the last line we again had to recall how the cross-product is defined. This is
precisely the z-component of the last line of Maxwell’s equations. If we repeat the exact
same computation but with 2 and 3 as the unchosen indices, we will get the remaining
components.

Thus, we have recovered all of Maxwell’s equations. The last step is arguing that the
explicit forms of F'*¥ and J* given on the problem set are the most general forms possible;
if they weren’t, then we might be missing something. I claim that they are the most
general forms possible, though. To see this, we first count that there are six independent
quantities (E1, Fa2, E3, By, B2, and Bs) in the field strength F** and four independent
quantities (p, Ji, J2, and J3) in the source J*. Now, F*" naively has sixteen components,
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but antisymmetry means that the four terms on the diagonal must all vanish, and then the
remaining twelve components are related by antisymmetry, leaving us with (16 —4)/2 = 6
independent components. And, J* is a four-component vector with no constraints, and so
it has four independent components. Therefore the number of independent components
of F* and J* match exactly with the number of independent quantities we have used to
specify them. Therefore the given forms of these tensors are fully general.

Before we proceed, let’s first recall that A,B* = A" B,, for any vectors A and B. A similar
result is true for arbitrary tensors, i.e.

Sy T = SHLbn (1.19)

In other words, for any dummy index we can always swap which one is raised and which
one is lowered. An immediate use of this fact is as follows:

6M(FpJFpU) = (aquo)FpU + Fpo(aquU)
= (OuF"?) Fpo + Fpo (0, F"7) (1.20)
= 2F,;0,F"7 .

Let’s keep these results in mind in the following computation:
1
0,T" =0, <F“p FvP — 47]“"Fp(,Fp">

1
= (8,F" \F"P + F" §,F"P — i’ F, 0, FF°
e pr 2" T (1.21)

1
= ((‘LFW))F”p + FM,G"F”” _ EFPU(?“F”U
v 14 1 14
= (@LFW)F p + Fupﬁ“F P _ in”a )

In the last line we relabeled dummy indices by letting 0 — . We will use the results
from problem 3 to simplify the first term, and we will use the Bianchi identities on the
third terms in order to try to show that the remaining terms cancel:

1

OuI" = —AmJPF", 4 Fypd" F*P — 2 Fpy (0P F™ — O F*?)
1.22)

1 1 (

= —ATJ P+ Fyp0"F* + S Fpd’ F* 4 S Fpu 0" F*

To see some cancellations, we need to do more index relabelling. In particular, we want
to relabel all the dummy indices such that the derivatives all have the same index. So, in
the third term, let p < u:

1 1
0T = —4AnJ,F"P + F,,, 0" F"P + QFW@#FPV + 5},ﬂwaﬂpup
1 1
= 4xJ,F* + F,,0MF" — 5FupauFup _ iFupa‘LF”’) (1.23)
= drJ, F"

where we used antisymmetry of F},, to go from the first to the second line, and in the last
we relabelled p — p. This is what we set out to prove.

Spacelike, Timelike, and Null Vectors

T is timelike, so T,,T# < 0. In components, we will let T = (to,t_). The time-like
condition, using this componetn form and the explicit Minkowski metric, means that



—(t92 4+ 12 < 0, and so (t°)? > - f. Additionally, we are given that X and T are ortho-
gonal, and so X, T# = 0. Writing X* = (2, %), this orthogonality condition means that

- 7

2% + Z-t=0, and so 29 = 7 - £,

Our goal is to prove that X is spacelike, i.e. that X, X# > 0, which in turn means that
(2°)2 < Z- #. The first step in proving this will be to multiply and divide (2°)? by (t9)2
and then use the orthogonality condition:

@07 _ @7

CORS (02 T (@02 - (2.1)

Next, the Schwarz inequality tells us that (& - )2 < (Z- Z)(f- ), and so

(xO)Q < w ) (2.2)

Finally, T is time-like and so (t°)2 > -, which is equivalent to saying that % < 1.

Thus, we are finally left with

N (1) P
(.CC ) < (ZC ’ .%') (t0)2 < (.%' ’ .1') ) (23)
which is exactly the space-like condition on X. Note that in order to derive this we had to
divide by t° a lot in the equations above. This is okay, because the fact that 7" is timelike
guarantees that (t°)2 > ¢-¢ > 0, and so t° must be non-zero.

It is very straightforward to compute that, in this frame,
S, T =, STV = —S°T° + ST + S°T? + S3°T3 =0, (2.4)

since S = 0 and T* = 0 for any p > 0. Thus, S and T are orthogonal in this inertial
frame. To prove that this is true under all inertial frames, we simply have to note that S*
and T* are both tensors, but S,T* has no free indices and is thus a scalar. Scalars do not
transform under Lorentz transformations. So, we can do arbitrary Lorentz transformations
to go to any other inertial frame, and we will still have S, 7" = 0. Therefore S and T' are
orthogonal in all inertial frames.

Bonus: Let’s first start in an arbitrary inertial frame and write 7% = (¢°, 7). Rotations
are a perfectly good Lorentz transformation, and we can always do a rotation to go into
a frame where { lies entirely along the z! axis. So, we can always go to a frame in which

™ = (t°,¢1,0,0) . (2.5)
Remember that T is time-like, and so (%)% > (¢1)2.
Now, we want to prove that there exists a Lorentz transformation that takes us to a

frame where T# has only a p/ = 0 component. To do so, consider the following Lorentz
transformation:

0 —tf 0 0
1 —tt 0 00
oo
A%y @zZ—@Hz| 0 0 10 (2:6)
0 0 01
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You should check that this satisfies 1, A",A”, = 1,,, as is required for such a transfor-
mation to preserve the metric. This Lorentz transformation transforms the vector T' as

follows:
T = TH = A* MT“ = (\/(t9)2 — (¢1)2,0,0,0) . (2.7)

That is, it boosts us into a frame where T has no spatial components. Note that it is
incredibly important that 7" is time-like; this guarantees that (t°)? — (¢})2 > 0, and so

(t9)2 — (¢1)? is real and positive. This means that 7' remains time-like, even after the
boost, and is still real. So, this is a perfectly good Lorentz transformation that takes us
into a frame where only 70 is non-zero.

Now, the rest of the proof is easy. S and T are orthogonal, but there is a frame where
only T? is non-zero. So, we find that

0=8,T"=—-ST° + S'T! 4+ $27? + $373 = —S°T" . (2.8)

Therefore we must have S° = 0, and so S has only spatial components in this frame.
Thus, there exists a frame where S has only spatial components and T has only the T°
component, and we are done.

We will write U* = (u°, %) and V# = (v°,%). Since U and V are both null vectors, this
means that U,U* = V,V# = 0. Writing these out explicitly in components, we find that
—(u)? + - =—(")?+ 7.7 =0, and thus

WYl =a-a, (W)2=7-7. (2.9)
Additionally, if U and V are orthogonal, then a similar calculation tells us that

u? =i 7. (2.10)

Comparing (2.9) and (2.10), we immediately can see that
(- 0) = (@ -u)(7-7) . (2.11)

This can only be possible if @ and ¥ are parallel vectors. Remember, the dot product can
also be written as @ - U = |u]|¥] cos @, where 6 is the angle between the vectors. Clearly,
we must set § = 0 (i.e. no angle of separation) in order to satisfy the above equation.

So, since 4 and ¥ are parallel, we can write ¥ = A for some constant A. Then, equation
(2.10) becomes

0,0

W =@ 7= i-d=\u’)?, (2.12)

where in the last step we used (2.9). This clearly tells us that v" = Au®. We therefore

have shown
W=, T= ), (2.13)

for some constant A. Since each component of V* is proportional to each component of
U* with the exact same constant of proportionality, we conclude that V is proportional
to U.



3 The Minkowski Metric in Other Coordinates
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First, consider x = rcos¢. If we now consider some infinitesimal variation dx of the
coordinate x, the chain rule tells us that it is related to small variations dr and d¢ by

dx @dr—i— —¢d¢ =cosgdr —rsingde . (3.1)

Similarly, the chain rule can be applied to the coordinate relation y = r sin ¢ to show that
39

dy d + ¢dqb—smqbd7“—i—rcos¢d¢ (3.2)

The square of these is

da? = cos® ¢pdr? — 2rsin ¢ cos ¢ dr dé + 12 sin? ¢ d¢p?

dy? = sin? ¢dr? + 2rsin ¢ cos ¢ dr do + 2 cos® ¢ dep? . (3:3)
Adding these and making heavy use of cos? ¢ + sin® ¢ = 1, we find that
da? + dy? = dr® + 12 d¢? . (3.4)
The full Minkowski metric in polar coordinates is thus
ds® = —2dt* + dr® + 2 de? + d=? . (3.5)

This problem goes in exactly the same way as the previous problem does. First, consider
x = rsinf cos ¢ and use the chain rule to conclude

ox Ox
de = ~d +—d9+—
ar’ 962 (3.6)

=sinf cos¢dr + rcosf cospdf — rsinf sinpde .
Similarly, we find for dy and dz that

dy = sinf sin ¢ dr + rcosf singpdf + rsind cospdo ,

. (3.7)
dz =cos@dr —rsinfdo .

Note that there is no ¢-dependence in z, and so no d¢ term shows up in dz. From here,
we simply have to run through the tedious exercise of squaring all three expressions and
adding them. The result, after using trig identities to simplify, is

da® + dy* 4 dz* = dr® + r?d6* + r* sin? 0 do* . (3.8)
The full Minkowski metric in spherical coordinates is hence given by

ds? = —cdt? + dr® + r2d6* + r*sin? 0 d¢? . (3.9)
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